Suppose that M is a fibered three-manifold whose fiber is a surface of positive genus with one boundary component. Assume that M is not a semi-bundle. We show that infinitely many fillings of M along ∂M are virtually Haken. Combined with a result of Cooper and Long, this gives the corollary that infinitely many fillings of the complement of any non-trivial knot in a Z-homology three-sphere are virtually Haken. We also describe the set of all semi-bundle structures on a given three-manifold.
Introduction
An orientable, irreducible, ∂-irreducible three-manifold that contains an incompressible surface is called Haken. These manifolds are perhaps the most well-understood class of three-manifolds. Waldhausen showed that such manifolds are characterized by their fundamental group, and Thurston (in this paper Thurston refers to W.P. Thurston) showed that Haken manifolds satisfy his geometrization conjecture. However, there are many three-manifolds that are not Haken. We say that a manifold is virtually Haken if it is Haken or if it has a finite cover that is a Haken manifold. Waldhausen conjectured the following, which is known as the "virtually Haken conjecture".
Conjecture 1. Every closed irreducible manifold with infinite fundamental group is virtually Haken
One of the main reasons for interest in the virtually Haken conjecture is that virtually Haken manifolds retain some of the nice properties of Haken manifolds. In particular, virtually Haken manifolds also satisfy geometrization, by the results of Scott, [Sco83] , and Gabai, Meyerhoff and N. Thurston, [GMT] .
There has been a lot progress on this conjecture. Long showed in [Lon87] that if a closed hyperbolic three-manifold contains a totally geodesic immersed surface, then the three-manifold is virtually Haken. Of particular relevance to our work is a result of Cooper and Long in [CL99] . They show that most fillings of a non-fibered atoroidal Haken manifold with torus boundary are virtually Haken. More precisely, there are finitely many lines in Dehn-surgery space so that filling along a slope which is not on any of these lines gives a virtually Haken manifold. This implies that most fillings of a non-fibered knot complement are virtually Haken.
Here we address the fibered case. There are other results giving fillings of fibered knot complements that are virtually Haken. For example, Dunfield and Thurston show in [DT] that all non-trivial fillings of the figure-eight knot complement (which is fibered) are virtually Haken. They also show in this same paper that the 10,986 closed manifolds in the snappea census are virtually Haken. Many of these arise from fillings of fibered knot complements. In [Wal03] it is shown that infinitely many fillings of roughly half of all two-bridge knots are virtually Haken. Infinitely many of these knots are fibered.
The following results are proven in section 3.
Theorem 6 Let M be a compact, orientable, fibered three-manifold that is not semifibered. Suppose that M has one torus boundary component, and moreover suppose that a fiber F has one boundary component and that the genus of F is g > 0. Then infinitely many fillings of M along ∂M are virtually Haken.
Combining this with the result of Cooper and Long above, we have the following corollary.
Corollary 7 Let k be a non-trivial knot in a Z-homology three-sphere. Then infinitely many fillings of k are virtually Haken.
The main task in the proof of Theorem 6 is to find a non-separating surface in a finite cover that is not the fiber of a fibration. Then by [CL99] and [BC00] , there is a closed incompressible surface in a sufficiently large cyclic cover dual to the surface. If the boundary slopes behave nicely under the group of covering transformations, a sublattice of fillings will lift to this finite cover.
During the course of the proof we are led to study the set of all semi-fiberings of a given three-manifold. In section 2 we show how to extend Thurston's description of the set of all fiberings of a given three-manifold in terms of fibered faces of the Thurston norm to describe the set of semi-fiberings.
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Bundles and Semi-Bundles
A fibration of a three-manifold M over the circle is a submersion p : M → S 1 . This is covered by a submersionp :M → R of the universal cover of M. Furthermore there is a homomorphism τ : π 1 M → Isom(R) such that the submersion is equivariant in the sense that for all x ∈M and all g ∈ π 1 M p(g · x) = τ (g) ·p(x).
Fibrations over the circle are often called bundles since it is equivalent to say M = (S × I)/((x, 0) ∼ (θ(x), 1)), where θ is a homeomorphism of the surface S = p −1 (x) for some point x ∈ S 1 .
A twisted I-bundle is the quotient of an I-bundle S × [0, 1] by a free involution that interchanges S × 0 and S × 1. A semi-bundle is a three-manifold obtained by identifying the boundaries of two twisted I-bundles. Thus a semi-bundle has a 2-fold cover which is a surface bundle. It may also be viewed as an orbifold version of a surface-bundle where the base orbifold is an interval with mirror endpoints [CHK00] . Various authors have studied semi-bundles, [HJ72] , [Zul97] , [Zul01] .
A semi-fibration is a surjection p : M → I which is orbifold-covered by an equivariant submersion to R. Thus M is a semi-bundle if and only if it admits a semi-fibration.
A foliation of M is called product-covered if it is covered by a product foliation of the universal cover of M . An equivariant submersion (p, τ ) is equivalent to a transverselymeasured 2-dimensional foliation of M which is product-covered (or R-covered). The leaf space of M, obtained by quotienting each leaf to a point, is Hausdorff if and only if the image of τ is a discrete subgroup of Isom(R). Thus bundles and semi-bundles correspond to the image of τ being discrete. This foliation is transversely orientable if and only if the image of τ is contained in the orientation preserving subgroup Isom + (R). In particular semi-bundles correspond to τ having image a discrete subgroup of Isom(R) which contains an orientation reversing element.
A closed 1-form on M that is nowhere-zero determines a transversely measured, transversely orientable product-covered 2-dimensional foliation of M. Conversely such a foliation determines a 1-form.
Thurston defined a semi-norm on H 2 (M, ∂M ; R) in [Thu86] as follows. The norm is first defined on integral classes and then extended by continuity. Given a class a in H 2 (M, ∂M ; Z) there is a properly embedded, compact, orientable surface S, possibly disconnected, which represents a. Then χ − (S) is defined to be the sum over all components S ′ of S of max(0, −χ(S ′ )). Finally ||a|| is the infimum of χ − (S) where the infimum is taken over all such surfaces S representing a.
If M is irreducible, and boundary irreducible and contains no Z ⊕ Z subgroup then this semi-norm is actually a norm. Thurston also showed that the unit ball is a polyhedron. Furthermore certain faces of the unit ball are termed "fibered faces." Thurston showed that a surface, S, which realizes the norm of its homology class is a fiber of some fibration of M if and only if the one-dimensional subspace of H 2 (M, ∂M ; R) spanned by [S] contains a point in the interior of some fibered face. Thurston also showed that the set of closed nowhere-zero 1-forms is dual to the interior of the cone on these open fibered faces.
Suppose a three-manifold has a regular cover which is a surface bundle. We wish to know when a particular fibration in the cover corresponds to a bundle or semi-bundle structure on the quotient. The following lemma, which is of interest in its own right, says that this is determined by the action of the covering transformations on homology. Note that this is similar to the work of Hass in [Has88] . Lemma 1. Let M be a compact orientable irreducible three-manifold, p :M → M a finite regular cover, and G the group of covering automorphisms. Let φ :M → S 1 be a fibration ofM over the circle. Suppose that the cyclic subgroup V of H 1 (M ; Z) generated by [φ] is invariant under the action of G. Then one of the following occurs:
1. The action of G on V is trivial. Then M also fibers over the circle. Moreover there is a fibering of M which is covered by a fibering ofM that is isotopic to the original fibering.
2. The action of G on V is non-trivial. Then M is a semi-bundle. Moreover there is a semi-fibering of M which is covered by a fibering ofM that is isotopic to the original fibering.
Proof. Choose a Riemannian metric on M and consider the pull-back metric onM . This metric is G-invariant. Let F be a fiber of the given fibering ofM . By FreedmanHass-Scott [FHS83] there is a least area surface F ′ inM which either is homotopic to, or double covered by, F. In the latter case F is the boundary of a twisted I-bundle. But since F is the fiber of a fibration it is non-separating thus F ′ is homotopic to F.
SinceM is a bundle with fiber F it follows that F ′ is isotopic to F . Since V is G-invariant, for every g ∈ G there is an automorphism g * ∈ Aut(V ) ∼ = Z 2 and either g * φ = φ or g * φ = −φ. We claim that that for every g ∈ G either g(
To see this we first show that the surfaces F ′ and g(F ′ ) are homotopic. Now φ * π 1 F = 0 and since
Let N →M be the infinite cyclic cover determined by the given fibration ofM . Thus F lifts to N ∼ = F × R. The surfaces F ′ and gF ′ both lift to N and are least area surfaces. If F ′ and gF ′ intersect inM we may choose lifts which intersect in N.
Using a standard argument we may cut and paste to obtain an essential surface in N of smaller area than F ′ . Since N is a product this surface is isotopic to F ′ in N and thus projects to a surface inM of smaller area than F ′ which is a contradiction. This proves the claim.
It follows from the claim that F ′ projects to an embedded surface, S, in M and that the projection map p| F ′ : F ′ → S is a covering of this surface. The surface S may be separating or non-separating in M. Cut M open along S and compactify to obtain a compact three-manifold X with at most two components. There is a natural quotient map q : ∂X → S which is 2 : 1.
We claim that each component of X is an I-bundle over a surface. To prove this let X 0 be a component of X. Let Y be a component of p −1 (X 0 ). Now p| Y : Y → X 0 is a covering and ∂Y is (isotopic to) a union of fibers in F × R. Hence Y is homeomorphic to a product F × I. Since X 0 is finitely covered by this product X 0 is an I-bundle as asserted.
If S is 2-sided and non-separating then X ∼ = S × I thus M is a bundle over the circle. Otherwise M is a semi-bundle. This may happen in two different ways. The first case is that S is 2-sided and separating, then X is the disjoint union of two twisted I-bundles. The remaining case is that S is 1-sided, and X is a twisted I-bundle, and M is obtained by identifying ∂X with itself using a certain involution.
This proves Lemma 1. Note that if some element g of G does not leave this onedimensional subspace of H 1 (M ) invariant, then g * [φ] is another fibration ofM over the circle.
In view of the previous result we obtain a simple description of the collection of all semi-bundle structures on a three-manifold. Every semi-fibration is two-fold covered by a fibration. We call the coverM s → M of a three-manifold M corresponding to the kernel of the natural map π 1 M → H 1 (M ; Z/2Z) the universal Z/2Z-cover. Using this cover, we can extend Thurston's description of all fibrations of M to all semi-fibrations of M. Roughly speaking they correspond to equivariant classes in fibered faces forM s :
Corollary 2. LetM s be the universal Z/2Z-cover of a three-manifold M . There is a finite set of open cones
1. Isotopy classes of semi-fiberings of M correspond 1-1 to one-dimensional subspaces in C which contain a rational point.
2. For each epimorphism ǫ : G → {±1} define a corresponding ǫ-eigenspace
For each fibered face, F, of the unit ball of the Thurston norm on H 2 (M s , ∂M s ; R) let C(F ) denote the cone on the interior of F. Then C is the (finite) union of all intersections of the form C(F ) ∩ E ǫ .
Proof. We claim that all the semi-fibrations of M are covered by fibrations ofM s . This is because given a semi-fibration of M there is some 2-fold coverM b → M such that the given semi-fibration of M is covered by a fibration ofM b . This 2-fold cover is determined by an epimorphism θ :
Thus we have a corresponding factoring of coversM s →M b → M. Thus the fibration ofM b is covered by a fibration ofM s . This proves the claim. NowM s → M is a regular cover and the group of covering transformations is G ≡ H 1 (M ; Z/2Z). The fibration obtained above is G-invariant. It follows that every semi-bundle structure on M gives a one-dimensional subspace as claimed. It is easy to check that if two semi-bundles give the same one dimensional subspace then they are isotopic. Conversely a one-dimensional subspace as described gives, via Lemma 1, a semi-fibration on M.
Conjecture. The non-rational one-dimensional subspaces in C correspond to nontransversely-orientable transversely-measured product-covered foliations of M.
Definition. A three-manifold is a sesqui-bundle it it is both a bundle and a semibundle.
An example may be obtained as follows. Let M be the torus bundle over the circle with monodromy −Id. Since the square of the monodromy is the identity there is a 2-fold cover π : T 3 → M of M by the 3-torus. Let τ : T 3 → T 3 be the covering involution. It is clear from the description of the monodromy that β 1 (M ) = 1, and τ * : H 2 (M ) → H 2 (M ) has a (+1)-eigenspace, E + , of dimension 1 and a (−1)-eigenspace, E − , of dimension 2.
Every closed incompressible surface in T 3 is a fiber of a fibration. Furthermore such a surface is isotopic to a totally geodesic (i.e. flat) torus. A foliation of T 3 by flat tori representing a class in E − projects to a semi-fibration of M with generic fiber a torus and two Klein-bottle fibers. It follows that M is a semi-bundle in infinitely many distinct ways corresponding to the 1-dimensional subspaces in E − containing a rational point. In addition M is a bundle, hence it is a sequi-bundle. Observe that M can be given a Euclidean (flat) metric. M can be realized as E 3 = {(x, y, z)} modulo the action of the group G generated by (x, y, z) → (x + 1, y, z), (x, y, z) → (x, y + 1, z) and (x, y, z) → (−x, −y, z + 1). Each "vertical" incompressible surface will be part of a semi-fibration. There will be two Klein bottles for each semi-fibration. For example the planes x = 0 and x = 1/2 in E 3 will map down to Klein bottles in the semi-fibration that is dual to the y direction. M is double covered by the 3-torus E 3 modulo the group H generated by (x, y, z) → (x + 1, y, z), (x, y, z) → (x, y + 1, z), (x, y, z) → (x, y, z + 2).
A hyperbolic example may be obtained from M as follows. Let C be a onesubmanifold in M which is a small C 1 −perturbation of a finite set of disjoint, immersed, closed geodesics in M chosen so that: (1) no two components of C cobound an annulus and no component bounds a mobius strip (2) C intersects every flat torus and flat Klein bottle. (3) Each component of C intersects every fiber of the fibration dual to the z direction and the semi-fibration dual to the x direction transversely.
Let N be M with a regular neighborhood of C removed. Then the interior of N admits a complete hyperbolic metric. It is a sesqui-bundle, which is fibered dual to the z direction and semi-fibered dual to the x direction. This answers a question of Zulli who asked in [Zul01] if there are non-Seifert three-manifolds which are sesqui-bundles.
The proof of our main theorem depends on the fact that the given fibered threemanifold is not a sesqui-bundle. We are thus left with: Question 1. Suppose M is a compact orientable boundary-irreducible sesqui-bundle. Are there infinitely many virtually Haken Dehn fillings ?
Our methods allow us to answer this question positively in some cases. This is explained at the end of section 3.
Virtually Haken fillings
Suppose M is a three-manifold with boundary a torus. We will construct certain coverings of M which contain an essential closed surface, S. We will then use the following observation to argue that infinitely many Dehn-fillings, M (α), of M have a corresponding cover. Finally we will show that for most of these fillings S remains incompressible inM (α) andM (α) is irreducible and hence M (α) is virtually Haken. We will make use of the following observation:
Lemma 3. Suppose that π :M → M is a covering of a three-manifold M and T ⊂ ∂M is a torus boundary component. Suppose that α is an essential simple closed curve on T . Let M (α) denote the manifold obtained by Dehn-filling along α. Then π extends to a coveringM (α) → M (α) if and only if α lifts to every component of p −1 (T ). In particular if the covering is finite and regular then some such α lifts if and only if the restriction of the covering, π| :T → T, to some (hence every) componentT ⊂ p −1 (T ) is cyclic of degree n. In this case the set of slopes which lift corresponds to the sublattice Z × (nZ) < H 1 (T ; Z) generated by α and β where β is a simple closed curve with intersection number n with α.
The following theorem is a consequence of the proof of Theorem (1.4) of [BC00] .
Theorem 4. Let M be a compact, connected, orientable, atoroidal and irreducible three-manifold with boundary a finite number of tori. Suppose that S is a compact, connected, non-separating, orientable, incompressible surface with boundary properly embedded in M which is not a fiber of a fibration of M.
Then there is a finite cyclic cover, π :M −→ M dual to S and a compact, connected, orientable, incompressible, boundary-incompressible surface F, properly embedded inM . Furthermore there is an essential embedded annulus inM with one boundary component on F and the other on ∂M .
The proof given in [BC00] proceeds as follows. Consider the infinite cyclic cover π :M → M dual to S. Label the components,S i , of π −1 (S) inM by the integers so that the covering transformation increases labels by 1. Define F (= ∂Y 2n in the notation of [BC00] ) to be the closure of the component ofM \ (S 0 ∪S 2n ) which is compact. Then F is shown to be incompressible inM .
We will also need the following theorem, proven in [CGLS87]:
Theorem 5. Let A be a properly embedded essential annulus in M = S 1 × S 1 × I whose boundary components lie on a torus T ⊂ ∂M and another component S of ∂M . Let α be the slope of A ∩ T and β any slope on
Theorem 6. Let M be a compact, orientable, fibered three-manifold that is not semifibered. Suppose that M has one torus boundary component, and moreover suppose that a fiber F has one boundary component and that the genus of F is g > 0. Then infinitely many fillings of M along ∂M are virtually Haken.
Proof. By Thurston's theory of diffeomorphisms of surfaces [Thu88] , the monodromy is either reducible, periodic or pseudo-Anosov. In the pseudo-Anosov case, M is atoroidal. If the monodromy is reducible or periodic, there is a finite cyclic cover of M that contains an embedded incompressible torus that is not boundary parallel. This torus will survive infinitely many Dehn fillings. Therefore we will assume throughout that M is atoroidal. We first reduce to the case that β 1 (M ) = 1. Since M has boundary a torus, we have that β 1 (M ) ≥ 1. If β 1 (M ) ≥ 2 then every Dehn-filling yields a closed three-manifold, N, with β 1 (N ) ≥ 1. It is known that most fillings are irreducible by [GL96] , so the result follows when β(M ) ≥ 2. Thus we may assume that β 1 (M ) = 1 and that the fibering of M is unique up to isotopy.
Let θ : F → F be the monodromy so that (x), 1) .
This induces an automorphism, θ * , on H 1 (F ; Z/2Z). Thus θ * is an element of the finite group GL(2g, Z/2Z). The order of this group is
Let p be the order of θ * in this group, thus p divides d.
The fibering of M is given by a submersion M → S 1 and there is a unique pfold cyclic cover M p → M obtained by pulling back the corresponding cover of S 1 . Observe that F lifts to this cover. Then M p is also a fibered manifold with fiber F and monodromy θ p . Since F has one boundary component it follows that M p has one torus boundary component; call it T .
The homology of the surface bundle M p is readily seen to be given by the short exact sequence
See, for example, Hatcher's book [Hat02, Example 2.48]. We have arranged that with Z 2 coefficients θ p * − I = 0 thus we get
The map induced by inclusion j * : H 1 (∂M p ; Z/2Z) → H 1 (M p ; Z/2Z) has cyclic image generated by a loop on ∂M p dual to ∂F. This determines a splitting H 1 (S 1 ; Z/2Z) → H 1 (M p ; Z/2Z) by sending H 1 (S 1 ; Z/2Z) to the image of j * . In this way, we obtain a natural isomorphism
A two-fold covering of F is uniquely determined by a non-zero element of H 1 (F ; Z/2Z).
Using the above isomorphism we obtain an element of H 1 (M p ; Z/2Z) by projecting onto the the first factor. Hence we have a two-fold coverM p → M p . This cover may be viewed as an extension of the covering of the submanifold F. By our choice of splitting, the composition
is zero, where p 1 is projection onto the first factor. Thus the boundary torus T = ∂M p will be covered by two boundary tori, T 1 and T 2 inM p . The covering transformation τ :M p →M p switches T 1 and T 2 . If β 1 (M p ) > 2 then every Dehn-filling ofM p gives a closed three-manifold with β 1 > 0. In this case the proof is complete. We may thus assume that β 1 (M p ) = 2 and by duality this implies that
We claim that there is a non-separating surface S with boundary inM p such that the covering transformation τ takes [S] to −[S]. We have an action of Z/2Z onM p thus we may regard all homology and relative homology groups as representations of Z/2Z. Now every action of Z/2Z on a finite-dimensional real vector space is a direct sum of irreducible representations which are 1-dimensional: either the trivial action or the standard action of {±1} on R. Thus every vector space is the direct sum of eigenspaces with eigenvalues ±1. Furthermore cup products are preserved by this action and, for ǫ = ±1, Poincare duality is a non-singular pairing restricted to the ǫ-eigenspaces. The subspace V = Image(∂) of H 1 (∂M p ; R) is 2-dimensional. The usual duality argument in the presence of a Z/2Z-action then gives that V = E + ⊕ E − , is the sum of onedimensional eigenspaces E ± .
Here is an expanded version of the last sentence. Consider the action of τ on H 1 (∂M p ; R). Since V is the image of ∂ it is invariant under τ. Then V = E + ⊕ E − is the sum of τ -eigenspaces, possibly one of which is trivial. We also have a corresponding direct sum decomposition H 2 (M p , ∂M p ; R) = H + ⊕ H − into τ -eigenspaces. Since τ and ∂ commute ∂H ± = E ± . Suppose that E − = 0 then V = E + and since ∂ is an isomorphism onto V we get H − = 0 and H + = H 2 (M p , ∂M p ; R). We may choose two surfaces S 1 , S 2 with boundary which represent a basis of H + . The algebraic intersection of ∂S 1 and ∂S 2 is 0. However, <, > is a non-degenerate skew pairing on the twodimensional subspace E + of H 1 (∂M p ), so [∂S 1 ], [∂S 2 ] are linearly dependent. This contradicts that ∂ is injective. Thus E − is non-trivial, hence H − is also non-trivial and there is a surface S as claimed.
The longitude λ = ∂F is the oriented boundary of the fiber surface, which we regard as a class in H 1 (∂M ). Let λ i denote a lift of λ to T i andF a component of the preimage of
The action of τ on ∂M p swaps T 1 and T 2 . Thus V + is spanned by λ 1 + λ 2 .
There is a compact, oriented, properly embedded, incompressible non-separating surface S inM p whose homology class generates
It follows that all the components of α 1 and α 2 project onto isotopic loops on ∂M p .
The first case we consider is that the surface S is not the fiber of a fibration. Then S is an non-separating , incompressible, orientable surface with boundary. By Theorem 4 there is n o > 0 such that for every n ≥ n o there is a closed, incompressible, nonboundary-parallel, surface F in any n-fold cyclic cover dual to S. The surface F is obtained by tubing corresponding boundary components of two lifts of S which are far apart in this cover.
We will apply Theorem 5 to show F remains incompressible after certain Dehn fillings. There is an essential annulus between F and the slopes α i on T i . These slopes map down to curves with slope α on T = ∂M p .
We now apply Lemma 3 to deduce the result. Thus any filling β of M p such that ∆(α, β) > n o is virtually Haken. Let γ be a simple closed curve on ∂M with intersection number 1 with the longitude λ. Since all fillings of the form (pγ, λ) of M lift to fillings (γ, λ) of M p , we have that infinitely many fillings of M contain an essential surface. At most 3 fillings give reducible three-manifolds, [GL96] , and except for these the remainder are virtually Haken.
The remaining case to consider is when the surface S is the fiber of a fibration of M p . In this case we pass to the universal Z/2Z covering N of M p . This is the covering induced by the map π 1 (M p ) → H 1 (M p ; Z/2Z). Since it is a cover associated with a characteristic subgroup of π 1 (M p ), the composition N → M p → M is a regular cover N → M. A pre-image,S, of S in N is a fiber of a fibration.
Suppose that the one-dimensional vector space of H 2 (N, ∂N ; R) generated by [S] is invariant under the group of covering transformations of N → M . Then, by Lemma 1, M is semi-fibered. This contradicts our assumption that M is not a sesqui-bundle. Therefore there is some covering transformation, α, such that α
SinceS and αS are fibers, they both meet every boundary component of N, although possibly different numbers of times. None of the covering transformations in the covering group Aut(N → M ) ∼ = H 1 (M p ; Z/2Z) ⋊ Z/pZ change the boundary slopes ofS. This is becauseS maps down to an embedded (possibly non-orientable) surface in M p and θ, the generator of the covering group of M p → M , does not change boundary slopes. However, a covering transformation can change the orientation of boundary curves.
The first case is that
Given a boundary component of N , there are integers a and b such that the class
and is represented by a surface G that misses this boundary component. Thus G is not a fiber of a fibration. Also, the boundary components of G map down to the same slope on M . We then apply Baker-Cooper as above to show that most fillings of N are virtually Haken. All fillings of M that are of the form (pγ, λ) lift to fillings of N , so the result follows.
The remaining case is that [∂S] = ±α * [∂S] ∈ H 1 (∂N ). Then we can tubeS and either α(S) or −α(S) to get a closed surface. This gives a non-zero class [S] ± α * [S] ∈ H 2 (N ). Therefore there is an incompressible surface in every filling of N . As above, fillings of M of the form (pγ, λ) lift to fillings of N , and the result follows.
Corollary 7. Let k be a non-trivial knot in a Z-homology three-sphere. Then infinitely many fillings of k are virtually Haken.
Proof. By a result of Cooper and Long, [CL99] , we may assume that the the complement of the knot k is fibered. Since H 1 (M ; Z) = Z, there is only one boundary curve of the fiber surface. Furthermore, since semi-bundles contain two disjoint surfaces whose union is non-separating, the homology with Z/2Z coefficients has rank at least 2. Therefore non-trivial knot complements in Z-homology spheres satisfy the hypotheses of Theorem 6.
Note that the assumption that M was not a sesqui-bundle in the statement of Theorem 6 was only used when the entire group of covering transformations of the cover N → M leaves the one-dimensional vector space of H 2 (N, ∂N ; R) generated by [S] invariant.
Let τ : M p → M p be a generator of the group of covering transformations of the cyclic cover M p → M. The action of τ * on H 1 (M p ; Z/2Z) ∼ = H 1 (F ; Z/2Z) ⊕ H 1 (S 1 ; Z/2Z) restricts to the action of θ * on H 1 (F ; Z/2Z). Suppose that this action is non-trivial. Then the monodromy θ does not act trivially on H 1 (F ; Z/2Z), the set of two-fold covers of F. Thus there is some such surface S ⊂ N such that the subgroup of H 2 (N, ∂N ; Z) generated by [S] is not fixed byτ , a covering transformation which covers τ. Then we may choose α =τ in the above proof. We have shown that the result continues to hold when M is a sesqui-bundle with a fibration where the fiber has one boundary component, and the monodromy of this fibration does not act as the identity on H 1 (F ; Z/2Z). By the short exact sequence in the beginning of the proof of Theorem 6, this is exactly when the inclusion map H 1 (F ; Z/2Z) → H 1 (M ; Z/2Z) is not injective. We record this as:
Theorem 8. Let M be a compact, orientable three-manifold with one torus boundary component such that M is a sesqui-bundle with fiber F , |∂F | = 1 and H 1 (F ; Z/2Z) → H 1 (M ; Z/2Z) is not injective. Then infinitely many fillings of M along ∂M are virtually Haken.
